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AP® CALCULUS AB/CALCULUS BC
2019 SCORING GUIDELINES

Question 1

5
(a) Io E(t) dt =153.457690 5. 1 : integral
| 1 :answer
To the nearest whole number, 153 fish enter the lake from midnight
to 5 AM.
b) <[ L(r) dr = 6.059038 I : integral
®) 5[, L0 =6 2. (1 e
1 : answer
The average number of fish that leave the lake per hour from
midnight to 5 A.M. is 6.059 fish per hour.
(c) The rate of change in the number of fish in the lake at time ¢ is l:sets E(t)— L(t) =0
given by E(t)— L(t). 3:4 1:answer

1 : justification
E(t)-L(t)=0 = t=6.20356

E(t)—L(t) > 0 for 0 <t < 6.20356, and E(¢) — L(t) < 0 for
6.20356 < t < 8. Therefore the greatest number of fish in the lake is
at time ¢ = 6.204 (or 6.203).

_ OR —

Let A(t) be the change in the number of fish in the lake from
midnight to ¢ hours after midnight.

A(0) = [ (E(s) - L(s)) ds
A(t)=E(t)-L(t)=0 = t=C =6.20356

t | A

0 0

C 135.01492
8 80.91998

Therefore the greatest number of fish in the lake is at time
t = 6.204 (or 6.203).

d) E'(5)-L'(5) =-10.7228 < 0 , .| 1+ considers £'(S) and L'(5)
1 : answer with explanation
Because E'(5) — L'(5) < 0, the rate of change in the number of fish

is decreasing at time ¢ = 5.
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1. Fish enter a lake at a rate modeled by the function E given by E(t) = 20 + 15sin (%) Fish leave the lake at

2
a rate modeled by the function L given by L(f) = 4 + 2017 Both E(f) and L(t) are measured in fish per

hour, and ¢ is measured in hours since midnight (¢ = 0).

N
(2) How many fish enter the lake over the 5-hour period from midnight (£ = 0) to 5 AM. (¢ = 5) ? Give your
answer to the nearest whole number.

5 AL
Ufw)d% 2\ 53 Lish

(b) What is the average number of fish that leave the lake per hour over the 5-hour period from
midnight ¢ =0)to 5 AM. (= 15) ?

5 ' howr 1Lave
L ~ N5 =2 (.099 G gu
5 § LUt % e (o
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(c) At Wha.t time ¢, for O’S t < 8, is the greatest number of fish in thé la%eé {1-15 Léf};q?g ajllize; 2t 0,—{— .wh. L'C,I[,}
EG)’L(?}L;)S e nuinper of fsh 13 chary ﬁlg
AY hvjt =204, m%r&z&d¥ WW\W.OF G’g}? \‘Y\“Mf‘\{._Q outr punes |
owe. i AL \ake. This is bteause € )-LE) 1S posibve me'n o +e
YT (204 indicading Yot Haorumbe- pf-Rgh tndle lake 1S dneressiy |
oo (0 620, puk EGVLER) 15 wegative fom 1= (20 Hp 2 By wheh
s el numtae, © 0F Fioh ape de cr(as])_qg s .pbn‘oc(, $6 Hhe
g o Gish i de\ale (3 greatest at 16204 hours

(d) Isthe rate of change in the number of fish in the lake increasing or decreasing at 5 AM. (z = 5) ? Explain

your reasoning.
RN G - WL NPT eV Y AN o
%(\@\63\\@( £l )\%;5,\, DTSR

Ginct hedervative o P -LH) ot 425 s h@,%Q’h‘\/f} »m, Yok
o€ dhange in ¥ e 05 Goh i ke lakee 16 decrsing
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;
1. Fish enter a lake at a rate modeled by the function E given by E(z) = 20 + 15sin (%) Fish leave the lake at
2 -
a rate modeled by the function L given by L(t) = 4 + 2%1"", Both E(¢) and L(#) are measured in fish per
hour, and ¢ is measured in hours since midnight (¢ = 0).
(a) How many fish enter the lake over the 5-hour period from midnight ( = 0) to 5 AM. (¢ = 5) ? Give your
answer to the nearest whole number.
= 2 459
E ( _t) G\‘k 153.495%
o
| B2 s epter ouer S-hewr perie J
(b) What is the average number of fish that leave the lake per hour over the 5-hour period from
midnight ¢ =0)to 5 AM. (¢ =5)?
A
0
g::::uhr‘:’Zﬁﬁlg‘;‘;ﬁ:?ﬁﬁ;ﬁﬂ -4~ Continue question 1 on page 5.
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(c) At what time #, for 0 < ¢ < 8, is the ga‘agfést rll_lﬂmﬁer of fish in the lake? Justify your answer.
E H/} - L L—t) =0 qﬁcl f\m".’l:)es 3 3Y‘6 ) e €D
t = (o 20 Lll
\ PRI R Al o 3% b e
There 15 “tha Svfw\--‘—b T INUENE
[ S
(d) Is the rate of change in the number of fish in the lake increasing or decreasing at 5 aMm. (t = 5) ? Explain
your reasoning.
E(8)~ L (5)= . %43
._1_ ro\*(/ O ‘\‘ C/._ G AL, } L ] 4
e ELE LD Yo oad
lake §s svtieasiiney TRl
a
3 [ “ [l oS .
Fe Dre.Se RS he el of Lo PQL
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i t
1. Fish enter a lake at a rate modeled by the function E given by E(¢) = 20+ 15sin ( %) Fish leave the lake at
-a rate modeled by the function L given by L(r) = 4 + 2017 Both E (¢) and L(t) are measured in fish per
hour, and ¢ is measured in hours since midnight (t = 0).
(a) How many fish enter the lake over the 5-hour period from midnight (t = 0) to 5 AM. (t = 5) ? Give your
answer to the nearest whole number.
s (. TE s ;
. S 5
Jo Q\D-f 1551 ( 3 )
Ve
£3.458 [ 3 |
\ o (1538
(b) What is the average number of fish that leave the lake per hour over the 5-hour period from
midnight ¢ =0)to 5 AM.(t =5)?
J‘S 0.1t
, Urr A >T30. aas
Unauthorized copying or reuse of| -4- Continue question 1 on page 5.
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(c) At whattime ¢, for 0 < ¢ < 8, is the greatest number of fish in the lake? Justify your answer. _%

Y5 bocavse o (‘M t 155in ljf’)&; S, (l»»‘-.{' X*NE 8042

o [ poisen B e [Hprane]

= [A3.763
b

IAN3 163 2 0.4

(d) Is the rate of change in the number of fish in the lake increasing or decreasing at 5 AM. (f = 5) ? Explain
your reasoning.

horapimy  becawse ot U4 an, 100
[ §s o + 156 (’%’))ﬁfg' Mea ) g = 100.637)
Vol o M e e it ak
5 aM. > IR3.063 Dl ar. i A
3 ; ooy '
e ([} wtoin (S - 5210 2o Y

a3, s 7 |90, D>7
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AP® CALCULUS AB/CALCULUS BC
2019 SCORING COMMENTARY

Question 1
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.
Overview

In this problem, fish enter and leave a lake at rates modeled by functions £ and L given by

2
E(t) =20+ 155in(%t) and L(¢) = 4 + 2", respectively. Both E(¢) and L(t) are measured in fish per hour,

and ¢ is measured in hours since midnight (¢ = 0).

In part (a) students were asked to find the number of fish entering the lake between midnight (¢ = 0) and 5 A.M.
(t = 5) and to provide the answer rounded to the nearest whole number. A response should demonstrate an
understanding that a definite integral of the rate at which fish enter the lake over the time interval 0 <7 < 5 gives

5
the number of fish that enter the lake during that time period. The numerical value of the integral Io E(t)dt

should be obtained using a graphing calculator.

In part (b) students were asked for the average number of fish that leave the lake per hour over the 5-hour period
0 <t < 5. A response should demonstrate that “number of fish per hour” is a rate, so the question is asking for
the average value of L(¢) across the interval 0 < ¢ < 5, found by dividing the definite integral of L across the

5
interval by the width of the interval. The numerical value of the expression %J.o L(t) dt should be obtained using

a graphing calculator.

In part (c) students were asked to find, with justification, the time ¢ in the interval 0 < ¢ < 8 when the population
of fish in the lake is greatest. The key understanding here is that the rate of change of the number of fish in the
lake, in number of fish per hour, is given by the difference E(¢) — L(¢). Analysis of this difference using a

graphing calculator shows that, for 0 < 7 < 8, the difference has exactly one sign change, occurring at

t = 6.20356. Before this time, E(z) — L(¢) > 0, so the number of fish in the lake is increasing; after this time,
E(t)— L(t) < 0, so the number of fish in the lake is decreasing. Thus the number of fish in the lake is greatest at
t = 6.204 (or 6.203). An alternative justification uses the definite integral of E(¢) — L(¢) over an interval

starting at ¢ = 0 to find the net change in the number of fish in the lake from time ¢ = 0. The candidates for when
the fish population is greatest are the endpoints of the time interval 0 < ¢ < 8 and the one time when

E(t) — L(t) = 0, namely ¢ = 6.20356. Numerical evaluation of the appropriate definite integrals on a graphing
calculator shows that the number of fish in the lake is greatest at = 6.204 (or 6.203).

In part (d) students were asked whether the rate of change in the number of fish in the lake is increasing or
decreasing at time ¢ = 5. A response should again demonstrate the understanding that the rate of change of the

number of fish in the lake is given by the difference E(#)— L(¢), and whether this rate is increasing or decreasing
at time ¢ = 5 can be determined by the sign of the derivative of the difference at that time. Using a graphing
calculator to find that E'(5) — L'(5) < 0 leads to the conclusion that the rate of change in the number of fish in
the lake is decreasing at time ¢ = 5.

© 2019 The College Board.
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AP® CALCULUS AB/CALCULUS BC
2019 SCORING COMMENTARY

Question 1 (continued)

For part (a) see LO CHA-4.E/EK CHA-4.E.1, LO LIM-5.A/EK LIM-5.A.3. For part (b) see LO CHA-4.B/EK
CHA-4.B.1. For part (c) see LO FUN-4.B/EK FUN-4.B.1. For part (d) see LO CHA-3.C/EK CHA-3.C.1, LO
CHA-2.D/EK CHA-2.D.2. This problem incorporates all four Mathematical Practices: Practice 1: Implementing
Mathematical Processes, Practice 2: Connecting Representations, Practice 3: Justification, and Practice 4:
Communication and Notation.

Sample: 1A
Score: 9

The response earned 9 points: 2 points in part (a), 2 points in part (b), 3 points in part (c), and 2 points in part (d).

5
In part (a) the first point was earned with the definite integral J-O E(t) dt, and the second point was earned with
5
the answer 153. In part (b) the first point was earned with the definite integral Jo L(t) dt. The second point was

earned with multiplying the integral by % and with the answer 6.059 that is accurate to three decimal places. In

part (c) the first point was earned with the equation E(¢) — L(¢) = 0 in line 1 on the left. The sentence “[a]t time
t = 6.204, the greatest number of fish in the 8 hour period are in the lake” in lines 3 and 4 would have earned the

second point without additional information. The second point was earned with the restatement “so the number of
fish in the lake is greatest at # = 6.204 hours” in lines 7 and 8. The third point was earned with the statements
“because E(t)— L(t) is positive from ¢ = 0 to ¢ = 6.204” and “ E(¢) — L(t) is negative from ¢ = 6.204 to

2
t = 8” in lines 4, 5, and 6. In part (d) the response earned the first point in line 1 with 16 + 15sin (ﬁ) — 2017

6
%(16 + 155in(%t) - 20'”2) , which is equivalent to E'(5) — L'(5).
1=5

The second point was earned with “decreasing” and the explanation, “[s]ince the derivative of E(¢) — L(¢) at

which is equivalent to E(¢) — L(¢), and

t =5 is negative” in the concluding sentence.

Sample: 1B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and no points in part (d).

5
In part (a) the first point was earned with the definite integral Io E(t) dt, and the second point was earned with
5
the answer 153. In part (b) the first point was earned with the definite integral '[0 L(t) dt. The second point was

earned with multiplying the integral by % and with the answer 6.059 that is accurate to three decimal places. In

part (c) the first point was earned with the equation E(¢) — L(¢) = 0 in line 1. The second point was earned with

“[t]here is the greatest number of fish in the lake at time ¢ = 6.204 ” in lines 3 and 4. The third point was not
earned because the statement “changes signs (+) to (—)” and ¢# = 6.204 in lines 1 and 2 only provides evidence
that there is a relative maximum at # = 6.204 rather than an absolute maximum on the interval 0 < ¢ < 8. In
part (d) no points were earned because there is no mention of E'(5) and L'(5), and the answer of “increasing” is

incorrect.
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AP® CALCULUS AB/CALCULUS BC
2019 SCORING COMMENTARY

Question 1 (continued)

Sample: 1C
Score: 3

The response earned 3 points: 2 points in part (a), 1 point in part (b), no points in part (c), and no points in
5
part (d). In part (a) the first point was earned with the definite integral jo (20 + 15sin (%t)) dt, and the second

point was earned with the answer 153. The crossed-out work is not scored. In part (b) the first point was earned

5 2
with the definite integral Io (4 + 201 ) dt. The second point was not earned because the integral is not multiplied

by %; the answer is incorrect. In part (c) no points were earned because there is no equating of E(¢) — L(¢) to 0,

and there is no declaration of an absolute maximum value nor a justification. In part (d) no points were earned
because there is no mention of E'(5) and L'(5), and the answer of “Increasing” is incorrect.

© 2019 The College Board.
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AP® CALCULUS BC
2019 SCORING GUIDELINES

Question 2

N .
(a) %J-O”(r(é’))2 dO@ = 3.534292 5. 1 : integral
" | 1 : answer
The area of S is 3.534.
1 N .
b =1. 1 : integral
(b) N 0.[0 r(0)do 579933 5. { integra
1 : answer
The average distance from the origin to a point on the curve
r=r(0) for 0 < 8 <+x is 1.580 (or 1.579).
(c) tand = % =m = 60 =tan"'m 1 : equates polar areas
| ptan~m L1 V7 1 : inverse trigonometric function
5.[0 (r(0))* db = 3(5'[0 (r(0))? dej 3: applied to m as limit of
integration
1 : equation
(d) As k — oo, the circle » = kcos@ grows to enclose all points to 5. 1 : limits of integration
the right of the y -axis. " | 1 : answer with integral

lim A(k) = 1 [ (o) ao

_ %J’:/z(w?sm(ez))z d6 = 3324
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¥
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7] X )
2. Let S be the region bounded by the graph of the polar curve r(8) = 3/@sin (02) for 0 < @ < /%, as shown
in the figure above.
(a) Find the area of S.
Al 2
A = L [ (aNEsin(e?) 40 = [3 52
S 2
o
(b) What is the average distance from the origin to a point on the polar curve 7(8) = 3+/@sin (82) for
0<e<sym?
- 0 . ive-
((8) qives the distance from Fhe origin 40 o poit on FhE
\ < < 4’ v
Thtrefore, fhe average dstante o 0 £ 9 = u s
VK
] 347G sin(0%) 98
° -
ﬂ —
N -0
Unauthorized copying or reuse of -6- Continue question 2 on page 7.
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(c) There is a line through the origin with positive slope m that divides the region § into two regions with
equal areas. Write, but do not solve, an equation involving one or more integrals whose solution gives the

2

ZA
Tk L

value of m.
arctan (m) . Nw . 2
L f (347 sin (9‘)) 46 - éf(a«l?smée )) L
z’ o archan(m)

4

(d) For k > 0, let A(k) be the area of the portion of region § that is also inside the circle 7 = k cos 8. Find

im A(k).

k—>o w2 ) |
im A(k) = ,‘z‘/\(%ﬁs.‘ﬂfez)) dg = {3_324
k> o

As k appfoacthes M, the circle rc kews @ will cover an
[ncreasingly  (afge prion of qua&raﬂ*s L any |V, but because

& 38)  4pe circle well Never cover  the
ws & <0 on (3, A

q
poftion of S Where 3 < g < AT,

ané s 8> 0 on (-5, 1!‘,,)

Unauthorized copying or reuse of =
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Do not write beyond this border.

2. Let S be the region bounded by the graph of the polar curve 7(8) = 3+/@sin (02) for 0 £ 8 £ /7, as shown

in the figure above.

(a) Find the area of S.

3 Setope fsr)

NOTO)E

©

[ F2

(b) What is the average distance from the origin to a point on the polar curve r(6) = 34/0sin (02) for

0<6<Jym?

U\JQ'V‘\ c
o %‘Wa :
0

I
TF‘F S ('3\(5 s\r\(el)) &

Unauthorized copying or reuse of =6-
any part of this page is illegal.

© 2019 The College Board.
Visit the College Board on the web: collegeboard.org.

Continue question 2 on page 7.

AnTr Av

s¥AnTAn arrm nvva fAn Asrras



-,

Lot

(c) There is a line through the origin with positive slope m that divides the region $ into two regions with
equal areas. Write, but do not solye, an equation involving one or more mtegrals whose solution gives the

value of m. _ fﬁ'

(@) For k > 0, let A(k) be the area of the portion of region S that is also inside the circle r = k cos 6. Find

lim A(k).
k—>w

\:y@%% 3,324

ko0 i circle Celeis) Grovs An' ercemphss greses S gnger

AS o
Progerions cnL He 457 and h\,.r% oz/uﬁclﬂw}S As k woo (= kU Cheorpg,

all OP S Heh axigh T Hrs?f @M\cm,ﬂ- Lhvh can be (o M 45
2 Y(f @Y 4, T M Moy ardeS N{#Sﬂ"rﬂ 57 = «.05@ RN

r>t> hotr o Yo ”’3‘”\ any exfon’y Fo M.

GO ON TO THE NEXT PAGE.
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2. Let S be the region bounded by the graph of the polar curve r(6) = 34/8sin (62) for 0 < 6 < /7, as shown

in the figure above.

(a) Find the area of S.

(b) What is the average distance from the origin to a point on the polar curve 7(8) = 3+/@sin (02) for

06<sym?
K¢ pr
OC‘\} - —=\3 —QSIA‘d))
o= g A3 65T O
Unauthorized copying o rouse of -6- Continue question 2 on page 7.
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otz
(c) There is a line through the origin with positive slope m that divides the region S into two regions with
equal areas. Write, but do not solve, an equation involving one or more integrals whose solution gives the
value of m.

- . o
%§ 3]0 sin (9")&%=%§(3\T@ sin [93)) @

(d) For k > 0, let A(k) be the area of the portion of region S that is also inside the circle r = k cos 6. Find

O

lim A(k).

st .:i',. '2’?5 %
k- ’3& 9 5; 1“:&3 ; v k".fﬂ

th

r=15eesC-
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AP® CALCULUS BC
2019 SCORING COMMENTARY

Question 2
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.
Overview

In this problem a region S is shown in an accompanying figure, and S is identified as the region enclosed by the
graph of the polar curve () = 3V0 sin(&z) for 0 < 0 <.

In part (a) students were asked to find the area of S. A response should demonstrate knowledge of the form of the
integral that gives the area of a simple polar region and evaluate %J.f (7’((9))2 d 0 using the numerical integration
capability of a graphing calculator.

In part (b) students were asked for the average distance from the origin to a point on the polar curve r = r(6) for

0 < @ < V7. A response should observe that the distance from the origin to a point on the polar curve is given
simply by (@) and then should demonstrate that the average value of 7(8) for 0 < @ < v is given by dividing
the definite integral of 7(@) across the interval by the width of the interval. The resulting integral expression should
be evaluated using the numerical integration capability of a graphing calculator.

In part (¢c) m denotes the positive slope of a line through the origin that divides the region S into two regions of
equal areas. Students were asked to write an equation involving one or more integrals whose solution gives the value
of m. A response should express the polar angle 6 formed by the line and the polar axis in terms of m (namely,

0 =tan"'m ) and use this as an upper limit in an integral that corresponds to polar area within an equation satisfying
the given requirements.

In part (d) it is given that A(k) represents the area of the portion of region S that is inside the circle » = kcos9,
and students were asked for the value of klim A(k). A response should observe that any point to the right of the y -
—00

axis will eventually be inside the circle » = kcosé for k sufficiently large. Thus klingo A(k) is the area of the
-

T
portion of S inside the first quadrant, computed as % _[ 02 (1*(0))2 d@. The resulting integral expression should be

evaluated using the numerical integration capability of a graphing calculator.

For part (a) see LO CHA-5.D/EK CHA-5.D.2, LO LIM-5.A/EK LIM-5.A.3. For part (b) see LO CHA-4.B/EK
CHA-4.B.1, LO LIM-5.A/EK LIM-5.A.3. For part (c) see LO CHA-5.D/EK CHA-5.D.1. For part (d) see LO CHA-
5.D/EK CHA-5.D.2, LO LIM-5.A/EK LIM-5.A.3. This problem incorporates the following Mathematical Practices:
Practice 1: Implementing Mathematical Processes and Practice 4: Communication and Notation.

Sample: 2A
Score: 9

The response earned 9 points: 2 points in part (a), 2 points in part (b), 3 points in part (c), and 2 points in part (d).
N 2
In part (a) the response earned the first point for the integral Io i (3\/5 sin(&2 )) d@. The factor of % is not part
of this point. The second point was earned for the boxed answer 3.534. In part (b) the response earned the first
. : Vz (2 - . . o
point for the integral .[0 N sm(H ) d6 in line 3. The denominator vz — 0 is not part of this point. The second

point was earned for the answer 1.580 in line 3. In part (¢) the response earned the first and third points for the

© 2019 The College Board.
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AP® CALCULUS BC
2019 SCORING COMMENTARY

Question 2 (continued)

equation %J.:Ctan(m)(%/? sin(e2 ))2 do = 1 " (3\/5 sin(t92 ))2 d@. The first point is for equating polar

2 Jarctan(m)
areas; in this case, the area of the region from 0 to arctan(m) is equal to the area of the region from arctan (m)

to V7. The third point is for a correct equation. The second point was earned for the limit arctan(m) in the

definite integrals. In part (d) the response earned the first point for the limits of 0 and % on the definite integral
1 = . 2112 . ) .. .
3 .[02 (3@ sm(é’ )) d@ in line 1. The second point was earned for the answer 3.324 in line 1 in the presence of

T
= 2
the definite integral %.[02 (3«/5 sin(é’2 )) d@. The commentary that is in lines 2—5 is correct but not required to

earn any points.

Sample: 2B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), no points in part (c), and 2 points in part (d).
Jr

In part (a) the response earned the first point for the integral I() g (1”(6’))2 d@ in line 1. The factor of % is not part

of this point. The second point was earned for the answer 3.534 in line 1. The definite integral

1 (V= (22 . . ) .
3 .[0 (3«/5 sm(& )) d@ in line 2 is a correct restatement of line 1. In part (b) the response earned the first point

N
for the integral Io g r(0) dO in line 2. The factor of is not part of this point. The second point was earned

1
-0
for the answer 1.580 in line 2. The definite integral T Io (3@ sm(49 )) d@ in line 3 is a correct restatement of

T
line 2. In part (c) the response did not earn the first point because the definite integrals

%Iom(r(@)) d6 = %If(r(ﬁ)) d6 inline 1 and %jo’"(wﬁsm(ez)) do = %jf(z»dﬁsm(#)) d@ inline 2 do

not represent polar area because the expression for (&) is not squared. The second point was not earned because

the limit of integration does not involve an inverse trigonometric function applied to m. The response is not
eligible for the third point because the third point requires that both the first and second points have been earned.

z
In part (d) the response earned the first point for the limits of 0 and % on the definite integral % J 02 (r(ﬁ))2 do.

The second point was earned for the answer 3.324 in line 1 in the presence of the definite integral

T
% J-oz (7(0))* df. The commentary below the boxed work is correct but not required to earn any points.

Sample: 2C
Score: 3

The response earned 3 points: 2 points in part (a), no points in part (b), 1 point in part (c), and no points in part

. . r . 21\2 1.
(d). In part (a) the response earned the first point for the integral J.o (3\/5 s1n(t9 )) d@. The factor of 5 is not

© 2019 The College Board.
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Question 2 (continued)

part of this point. The second point was earned for the correct answer 3.534. In part (b) the response did not earn

2
the first point because an indefinite integral % J (3«/5 sin(¢92 )) d@ is presented instead of a definite integral;
V4

2
additionally, (3@ sin(¢92 )) appears as the integrand instead of 36 sin(@2 ) The second point was not earned

because no numerical answer is presented. In part (¢) the response earned the first point for equating polar areas
2 N 2
with lJ-m(3x/55in(6’2 )) do = lj " (3«/55in(«92 )) d0; in this case, the area of the region from 0 to m is equal
2Jo 2dm

to the area of the region from m to ¥7z. The second point was not earned because the limit of integration does not
involve an inverse trigonometric function applied to m. The response is not eligible for the third point because the
third point requires that both the first and second points have been earned. In part (d) the first point was not

earned because no definite integral is presented with limits 0 and % The second point was not earned because

the answer 3.534 in line 4 on the right is incorrect and is not in the presence of a definite integral.

© 2019 The College Board.
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Question 3
5 -2 5 5 -2 5
(a) Jlef(x) dx = JL(’ f(x) dx + lef(x) dx l: J._6f(x) dx = I_6 f(x)dx+ I_zf(x) dx
_ (7 97 314, .3
:>7—J._6f(x)dx+2+(9—7) 1-_[_2f(x)dx
-2 _ O\ _ 97 1 : answer
= L6f(x)dx_7—(11—7)_ -4
(b) LS(Zf (x) +4)dx = 2J‘35 J'(x) dx + E4 dx 5. { 1 : Fundamental Theorem of Calculus
=2(f(5) - f(3)) + 4(5-3) 1 : answer
= 2(0-(3-5)) +8
=2(-3+V5)+8=2+2V5
— OR—
[J@re)+ ) =[2/(x) + 41133
=(2/(5) +20) - (2/(3) +12)
=(2:0+20)-(2(3-+5)+12)
=2+2V5
: 1 ,
© gx)=/(x)=0=x=-1,x=7,x=5 1: g'(x) = f(x)
X g(x) 3: 4 1:1identifies x = —1 as a candidate
) 0 1 : answer with justification
1
-1 >
1 1
2 4
O
5 11— T
On the interval -2 < x < 5, the absolute maximum value
of g is g(5) = 11- L.
10" =3/"(x) 10" -3/(1) L
@ ylcli)nl f(x)—arctanx  f(1) — arctan 1 - answet
_10-3-2 4
~ l-arctanl |-~
4

© 2019 The College Board.
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* Graph of f

3. The continuous function fis defined on the closed interval —6 < x < 5. The figure above shows a portion of .
the graph of f, consisting of two line segments and a quarter of a circle centered at the point (5, 3). Itis

known that the point (3, 3 — +/3 ) is on the graph of f.
5 . —2 '
(a) If I p f(x) dx =7, find the value of I . f(x) dx. Show the work that leads to your answer.

2 avs T foya- - TV 0K

CEfays T-[ -3 s 4)

(b) Evaluate I (2f'(x) +4) dx.

03 25' 0y +4ax = S52(00+2) ox

2 35 #0) ra dn

= [(X)’c A‘A]a

= [ (SHA(s)J U(?ﬂdﬁ-;(a)]]

= 2. Jo+19~{>-5)+)]

Continue question 3 on paée 15
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.(c) The function g is given by g(x) = J x2 f(¢) dt. Find the absolute maximum value of g on the interval

—2 £ x £ 5. Justify your answer.

&\'\’XL@ £ (XY V8 conyinumbon

9'r0 = €09 ~2.£¥45, wen glx)L =
'\(X\):AHK} =0 g,,_%mo%r W0\ (entinioyy
q : ' \' 6 gh -1(\::;'3(55- Tintv g, by
- - = = = WL EVT, 8lX) has gn
Yi' \ )_\K » Q\GJU\U%‘C Yna¥: On *-),_&_xgs_
Coanwdvdoares R abd mAaYy: Y= Y, %‘5»
=-2: J0h fWy di=0
y= | {7 £y)dy=
= &0 08V d-y-y =4
' ~an - _
y=5: 35 fHdt= L g0 = 1 94~ 4=
The 0oy, m&wimm value of g v || - -};~ ahd
g Obsowe WdXimum 00l af Y= 9.
- 3f'(x)
(@ Fin d,]cl_ﬂllf(x) arctan x’
5 £
Tim 10%-3¢' 0= 10-38m= 10730 =7
Yal ~
Linn {'(‘?L\)— aycroanx = | — T4
x>\ .
averan (V) = WY
I 0¥~ 550) Y
o f00=avorary -4
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A IS 2
RN
l\ | q-N§
— \@(’\\) Grapﬁof “5(53 4

—_ Z
2z ' )
3. The continuous function f is defined on the closed interval —6 < x < 5. The figure above shows a portion of
the graph of f, consisting of two line segments and a quarter of a circle centered at the point (5, 3). It is

known that the point (3, 3 — /5 ) is on the graph of f.

5 -2
(a) If I_6 f(x) dx =17, find the value of I_G f(x) dx. Show the work that leads to your answer.

S B4 =AY

{-’2 rs 1_\ \—'\
j fodx = J £O0Ndx + ) £(x) dx :
6 e -2 || —ar
Y
s < (2 ax
S—e FoOdx - S £odx = j"(g LR X Tt + Hos
\ o2 .4 _an , an
- - (2 ‘-q + :‘—' -+ (O‘ -—‘:\*)) -~ _2 4+ —
. 5,
(®) Evaluate [ (2f"(x) +4) dx. 2(-2+18) + &

—6+2R*%

3
z@(ﬂi" (ux]3 m

2(F(5) ~§G3)) + 20 -2
2(0 -3+T5)* B

E:yﬂ;ﬂ:mlm S neuse of -14- Continue question 3 on page 15.
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9, The function g is given by g(x) = Ez f(t) dt. Find the absolute maximum value on the interval

—2 £ x £ 5. Justify your answer.

R There ave Lvheal
nwhnbe (s ak
q(x)-~—- S £t x= 1,15 and S,
SR I
%|(»9=€CX7:O ok x=-,L8,5 -\ W g
g-1) = j"z feydE =3
-an
9(s) = S S, Feodts My
ANACALK WA

-» LA
Swnee (3(,5379( TN t?‘\’\EQJO5Q W

e s an
elue of g s - at axt =5, Tus vadu
J 3 L \*L\\,L O (\G‘C*czin,.{*
O B b o) €. Tisard
cShuding te a paxuniuum @usobn (*) W LET
X ek value

0* - 3'(x) Wy e =2
(d Fmdfgllf(x) prm— £ VO = 5o
pwg O -3¢ . lo-2(2) _ [’
¥ -1 - TY
i FOY —tan () \ 5 T
Unauthorized copying or reuse of -15- GO ON TO THE NEXT PAGE.

ny part of this page is lllegal.
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Graph of f

3. The continuous function f is defined on the closed interval —6 < x < 5. The figure above shows a portion of
the graph of f, consisting of two line segments and a quarter of a circle centered at the point (5, 3). Itis
known that the point (3, 3 — /5) is on the graph of f.

5 -2
(a) If J'_s f(x) dx = 7, find the value of I_G f(x) dx. Show the work that leads to your answer.

S
§5, feax = 1060 - 30 - Leas)- Lo

5
(b) Evaluate j3 Qf(x) +4) dx.
S:J L v oy -5 3 x

P ’ '.—\'2 "5 \h\- (ﬂVS
E— GOV r YRl
sy ARG e
f(eyrsues) AELed
0+ 20 =(3-v8) -12
. e
D=6 7 I-bt (V5 |
any part of i pape i Hegat. -14- Continue question 3 on page 15.
© 2019 The College Board.
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- . - x . °
(c) The function g is given by g(x) = ..'_2 f(¢) dt. Find the absolute maximum value of g on the interval

—2 £ x £ 5. Justify your answer.
v . dc X
Q=58 d

0)‘(7&):‘ £(x)=0O

)g’--\ }Q‘ﬁ ;6
A .

:-1- ,‘-U‘ 4": “} a‘(x)
-t 0.5 »5 C

96 = {1 L

x ’ ) ] <2 Y - 'I’
(@ Find tim 10— 37"(x) -2 _ 0 - 3(n ) Y
1 f) —actany LT gan®) TV - B Ho
4 4 il
i LGor Y -av
I.J:;:‘h:m mﬁsﬁ‘l‘l eng:rol ‘ -1 5- Go ON TO THE NEXT PAGE.
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Question 3
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.
Overview

In this problem it is given that the function f is continuous on the interval [—6, 5]. The portion of the graph of f
corresponding to —2 < x < 5 consists of two line segments and a quarter of a circle, as shown in an accompanying
figure. It is noted that the point (3, 3 — v/5) is on the quarter circle.

-2 5

In part (a) students were asked to evaluate I ] f(x) dx, given that j ] f(x) dx =7. A response should demonstrate
) 5 5

the integral property that I ] Sf(x)dx + I , f(x)dx = I ] f(x) dx and use the interpretation of the integral in terms

5
of the area between the graph of f and the x-axis to evaluate J- , f(x) dx from the given graph.

5
In part (b) students were asked to evaluate L (2f'(x) + 4) dx. A response should demonstrate the sum and constant

multiple properties of definite integrals, together with an application of the Fundamental Theorem of Calculus that

gives [ f'(x) dx = £(5) - /(3).

In part (c) students were asked to find the absolute maximum value for the function g givenby g(x) = I x2 f(t)adt

on the interval —2 < x < 5. A response should demonstrate calculus techniques for optimizing a function, starting
by applying the Fundamental Theorem of Calculus to obtain g'(x) = f(x), and then using the supplied portion of
the graph of f to find critical points for g and to evaluate g at these critical points and the endpoints of the
interval.

. 10" =377 o
In part (d) students were asked to evaluate lim —f(x) A response should demonstrate the application of
x—>1 f(x) — arctan x

properties of limits, using the supplied portion of the graph of f* to evaluate lirn1 f(x)and lirn1 f'(x).
x> x>

For part (a) see LO FUN-6.A/EK FUN-6.A.2, LO FUN-6.A/EK FUN-6.A.1. For part (b) see LO FUN-6.B/EK
FUN-6.B.2. For part (c) see LO FUN-5.A/EK FUN-5.A.2, LO FUN-4.A/EK FUN-4.A.3. For part (d) see LO LIM-
1.D/EK LIM-1.D.2. This problem incorporates all four Mathematical Practices: Practice 1: Implementing
Mathematical Processes, Practice 2: Connecting Representations, Practice 3: Justification, and Practice 4:
Communication and Notation.

Sample: 3A
Score: 9

The response earned 9 points: 3 points in part (a), 2 points in part (b), 3 points in part (c), and 1 point in part (d).
In part (a) the first point was earned with the statement of the property of definite integrals

-2 5 5
J- ] f(x)dx = I 6f(x) dx — I 2f(x) dx in line 1. The second point was earned with

5
[l 11 + 9 + (9 - 977[)} given for J- ) f(x) dx inline 2. The third point was earned with the answer

© 2019 The College Board.
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Question 3 (continued)

7 - [% — % - % + % + (9 - %Tﬂﬂ in line 2. Numerical simplification of the expression is not required. In part (b)

the response earned the first point with 2 - [[ f(5) + 2(5)] = [f(3) + 2(3)]] in line 4. Note that 2 - [ f(x) + 2x]§
in line 3 is not sufficient to earn the first point. The second point was earned with the answer of
2-[(0+10) = ((3—=+5) + 6) ] in the last line. Numerical simplification is not required. In part (c) the first point

was earned with g'(x) = f(x) in line 1 on the left. The second point was earned in line 3 on the left with x = —1
identified as a candidate. The second point only requires this single candidate; the other values are required for the

third point. The response earned the third point by declaring the absolute maximum value of 11 — %Tﬂ in line 9

and justifying this answer with the labeled values of g for both critical points and both endpoints. The statement
at the top right that references the EVT (Extreme Value Theorem) is not required for the point. In part (d) the

point was earned with the answer in the last line. Numerical simplification is not required, and the work

V4
1-Z
4

presented in lines 1 and 2 is not required to earn the point.

Sample: 3B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), 2 points in part (¢), and no point in part (d).
In part (a) the first point was earned with the statement of the property of definite integrals

5 (2 5 - . (1 3.9 o
J._6f(x) dx = I_6 S(x) dx + J._Zf(x) dx in line 1. The second point was earned with (2 At7t (9 4 ))

5
given for I ) f(x) dx in line 3. The third point would have been earned with the answer

7 - (% - % + % + (9 - %T”)) in line 3. The numerical simplification to -2 + 97” in line 3 is incorrect, so the

third point was not earned. In part (b) the response earned the first point with 2( f(5) — f(3)) + 20 — 12 in line 3
on the left. Note that 2[ f (x)]g + [4x]§ in line 2 on the left is not sufficient to earn the first point. The second
point would have been earned for 2(0 ~3+45 ) + 8 in line 4 on the left. Numerical simplification is not

required. The boxed answer 2 + 2+/5 is correct, so the second point was earned. In part (c) the first point was
earned with g'(x) = f(x) in line 2 on the left. The inclusion of “= 0 is not required to earn the point. The

second point was earned in line 2 on the left with x = —1 identified as a candidate. The second point only
requires this single candidate; the other values presented are not considered for the second point. The absolute

maximum value of 11 — 97” is identified in line 4 on the left and declared as the absolute maximum in lines 5 and

6. The third point was not earned because of an insufficient justification. An incorrect critical point is declared at
x = 1.5, and the sign chart presented without explanation is not a sufficient justification for elimination of the

. . : . 10 -3(2 .
second critical point. In part (d) the point would have been earned with the answer 0—375_) Numerical
1-Z
4

simplification is not required, though the result of 1 is incorrect. The point was not earned.
T
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Question 3 (continued)

Sample: 3C
Score: 3

The response earned 3 points: no points in part (a), no points in part (b), 2 points in part (c), and 1 point in part
(d). In part (a) the property of definite integrals that is required is not stated, so the first point was not earned.

5
Although the response begins to calculate J. ) f(x) dx, the work is incomplete, and the second point was not

earned. The response is not eligible for the third point. In part (b) the antiderivative of 2 f”(x) is reported

incorrectly as [ f (x)]2 in line 2 on the left. The Fundamental Theorem of Calculus is not applied correctly, so the
first point was not earned. Because the use of the Fundamental Theorem of Calculus is incorrect, the response is
not eligible for the second point. In part (c) the first point was earned in line 2 with g'(x) = f(x). The inclusion
of “= 0" 1in line 2 is not required to earn the point. The second point was earned in line 3 with x = —1 identified
as a candidate. The second point only requires this single candidate; the other values presented are not considered
for the second point. An absolute maximum value of g is not given, so the third point was not earned. Note that
the sign chart without explanation is not a sufficient justification. In part (d) the point would have been earned
10_—3752) in line 1. Numerical simplification is not required, though the boxed result of ) 1_672_
'
is correct and earned the point.

with the answer
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Question 4

@) V=nr’h=x(1)h=nh

(b)

(©)

% —%dt

%_ —%dt

2Vh = - 10 +C
2J§=—m.o+c:>c:24§
2J‘=—iz+2£
h(z)_(——t+«/_)

dv __dn|  _ oz
W‘h=4 =7 dt |4 = ”( */—) = CUbIC feet per second
d’h 1 dh_ 1 ( 1 J—)
d  20Vh dt 204k 200

d*h _ 1
Because 2200 > 0 for h > 0, the rate of change of the

height is increasing when the height of the water is 3 feet.

© 2019 The College Board.

LAv_
2: dt T dt

1 : answer with units

:dh( 110J—) m

3:4,.d% _ 1 dh

o 204k dt

1 : answer with explanation

1 : separation of variables

—

: antiderivatives
4 : < 1 :constant of integration
and uses initial condition
1: h(t)

Note: 0/4 if no separation of variables

Note: max 2/4 [1-1-0-0] if no constant
of integration

Visit the College Board on the web: collegeboard.org.
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4. A cylindrical barrel with a diameter of 2 feet contains collected rainwater, as shown in the figure above. The

water drains out through a valve (not shown) at the bottom of the barfel. The rate of change of the height & of

dh 1 .
the water in the barrel with respect to time ¢ is modeled by Z- 10 h, where h is measured in feet and

¢ is measured in seconds. (The volume V of a cylinder with radius r and height £ is V= 7rr2h.)

(a) Find the rate of change of the volume of water in the barrel with respect to time when the height of the
water is 4 feet. Indicate units of measure.

h=Y |
oo V| j
g—}wﬂéq—% df Tffd7»+h(2" )

d
57 ey (90

-

v
0 i+ % £/

-

<

-

7

[:','.'; mm,mn?sﬁ{,;:.”ﬂ -16- Continue question 4 on page 17.
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(b) When the height of the water is 3 feet, is the rate of change of the height of the water with respect to time

h=3 O'Zh —1 | Yy - -1 53
gu-7 It 20/’ 'ZOJ’ (#7)-=

g

2) _
o Is  inoreding :;Mce—g'o—,ﬁ at =3

B po;l% Ve .
-

700

(c) Attime 7 = 0 seconds, the height of the water is 5 feet. Use separation of variables to find an expression

for A in terms of ¢. . l
Chdn| 5 ot

Th" = 4 C
W= Zt+C
= (—J fc>7
'5 (%))
C=N5

GO ON TO THE NEXT PAGE.

=&
h= (htr =)’
-17-

Unauthorized copying or reuse of
any part of this page is illegal.
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4. A cylindrical barre] with a diameter of 2 feet contains collected rainwater, as shown in the figure above. The
water drains out through a valve (not shown) at the bottom of the barrel. The rate of change of the height A of
. dh - '
the water in the barrel with respect to time ¢ is modeled by %’- ==+ 1ioﬁ , Where 4 is measured in feet and

t is measured in seconds. (The volume V of a cylinder with radius  and height his V = m'zh.‘)

(a) Find the rate of change of the volume of water in the barrel with respect to time when the height of the
.water is 4 feet. Indicate uni_ts of measure,

LA L)
olt et
for h= ¢
av. _ _{'_\__)_?. '-__,_'\r') -1 feet? /s . /
&= TN (-5 VE) =~ 5
o€ .
g.?;:ﬁ'r?2?@;:%‘;‘32?5&;:‘;? of ~16- Continue question 4 on page 17.
© 2019 The College Board.
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(b) When the height of the water is 3 feet, is the rate of change of the height of the water with respect to time
" increasing or decreasing? Explain your reasoning,

a¥ nr3, %‘2 N —'T% VB wkick is megutiod , 5o dut dmotintet
wakr 3 deoressihg

(c) Attime ¢ = 0 seconds, the height of the water is 5 feet. Use separation of variables to find an expression
for A in terms of z. :
or h in terms o Zmi-%%*—?\rs‘

] \
— =" ¢ .
: (o V= ~ i’% +5 '
"i-'gg{'\.-.?.«'}’ ad s e ey
[i@dhe )i ﬁ,s_mg)z
+ 20 |
AT e
2\5 % “‘;% e
¢=205
lajy?;:t:r:gﬁgl:%’?gg 'Bcill-lzeggia of . -17- . GO ON TO THE NEXT PAGE.
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Do not write beyond this border.

N

4C 2

S

1,

1

4. A cylindrical barrel with a diameter of 2 feet contains collected rainwater, as shown in the figure above. The

water drains out through a valve (not shown) at the bottom of the barrel. The rate of change of the height & of

dh 1 . .
the water in the barrel with respect to time ¢ is modeled by Z- 10 7, where h is measured in feet and

¢ is measured in seconds. (The volume V of a cylinder with radius r and height & is V= nr’h)

(aj Find the rate of change of the volume of water in the barrel with respect to time when the height of the

water is 4 feet. Indicate units of measure. d v ,2 \\ _
| = = =Y
dn=-\ th dt

=

at 0 =Ttk
\/:1\(7"\ (=1

avV="72"Nr é_b

at

dt
dv= 'LK\(\) -.—\-\’6 SC\')

ax

at To ‘—E f’( PQFSQ: or\&

= —

Unauthorized copying or reuse of -16-
any part of this page is illegal.
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(b) When the height of the water is 3 feet, is the rate of change of the height of the water with respect to time
increasing or decreasing? Explain your reasoning. & ah

: | T,e

Q= dh =-) Sh |

di \0

' &
vElz-L.L h"
\O

/
(3= - . ==\ co
b 2 33 2053
bobea Mo he ok tofte welin 1S3 feek Yo 000 0 FClorgt
{_\a‘x.@;‘s* OF Me wolen 1§ Acu%‘wg betone p (1) €O,

>
v

A
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(c) Attime 7z = O seconds, the height of the water is 5 feet. Use separation of variables to find an expression
for h in terms of . o

dnh -\ hz [2Es
d o = 20

Ldhz -\ dx
0

Jn,

Vi \
2‘ h *(= lo{ “

h=F\4 y¢
20 —

ki

C- E—o o) » ¢

- (=LG
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Question 4
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.
Overview

The context for this problem is a cylindrical barrel with a diameter of 2 feet that contains collected rainwater, some
of which drains out through a valve in the bottom of the barrel. The rate of change of the height % of the water in the
dh

barrel with respect to time ¢ is modeled by - —%\/E , where A is measured in feet, and ¢ is measured in

seconds.

In part (a) students were asked to find the rate of change of the volume of water in the barrel with respect to time
when & = 4 feet. A response should use the geometric relationship between the volume V' of water in the barrel

and height / and incorporate the given expression for %

In part (b) students were asked to determine whether the rate of change of the height of water in the barrel is
increasing or decreasing when 4 = 3 feet. A response should demonstrate facility with the chain rule to differentiate
dh _ 1 oo , - d*h 1 dh 1 ( 1
—— = ——+/h with respect to time to obtain — = —— - — = —-
dr =~ 10 P a2 20vh di 204k
2
% > 0, aresponse should conclude that the rate of change of the height of the water in the barrel is increasing.
t

_
BT h) = 200" Because

In part (c) students were given that the height of the water is 5 feet at time # = 0 and then asked to use the
technique of separation of variables to find an expression for % in terms of ¢. A response should demonstrate the
application of separation of variables to solve the differential equation % = —%x/ﬁ for A and then incorporate the
initial condition that 4(0) = 5 to find the particular solution A(z) to the differential equation.

For part (a) see LO CHA-3.D/EK CHA-3.D.1, LO CHA-3.E/EK CHA-3.E.1. For part (b) see LO FUN-4.E/EK
FUN-4.E.2. For part (c) see LO FUN-7.D/EK FUN-7.D.1, LO FUN-6.C/EK FUN-6.C.2, LO FUN-7.E/EK FUN-
7.E.1. This problem incorporates all four Mathematical Practices: Practice 1: Implementing Mathematical Processes,
Practice 2: Connecting Representations, Practice 3: Justification, and Practice 4: Communication and Notation.

Sample: 4A
Score: 9

The response earned 9 points: 2 points in part (a), 3 points in part (b), and 4 points in part (c). In part (a) the
response earned the first point with the presentation of a correct expression for the derivative of V' with respect to
dv

2
dt

7Z'|:7'2 % + h(2r)(%)}, in line 1 on the right. The second point would have been earned with

cil_lt/ = 7z|:( 1)(%1) + (4)(2)(0)} in line 2 on the right. Although numerical simplification is not required, the

response simplifies the expression in line 3 on the right and adds units to produce —% ft> /sec. Thus the second

point was earned. In part (b) the response presents a correct second derivative of # with respect to ¢,

1
d_zh = _Lh_fﬁ

, in line 1 on the right and earned both the first and second points. The response earned the

dt2 20 dt
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Question 4 (continued)

2

third point in lines 2, 3, and 4 on the right with “[t]he rate of change of height is increasing since % at h =3 is
t

1
positive.” In part (c) the response earned the first point with a correct separation of variables J.h 2 dh = J 1_—3 dt

1
in line 1. The correct antiderivatives, 242 and —%t, are presented in line 2, and the response earned the second

point. In lines 2 and 5, the response includes a constant of integration and uses the initial condition 4(0) = 5 by
substituting 0 for ¢ and 5 for 4. The response earned the third point. The response solves for % in terms of ¢

2
and earned the fourth point with 4 = (;—ét ++5 ) in line 7.

Sample: 4B
Score: 6

The response earned 6 points: 2 points in part (a), no points in part (b), and 4 points in part (c). In part (a) the
response earned the first point with the presentation of a correct expression for the derivative of V' with respect to
v _ _ o2dh

=r , while handling » as a constant. The second point would have been earned with

L di

cfz’_lt/ = 7z(1)2 (—%«/Z ) in line 3. Although numerical simplification is not required, the response simplifies the
expression in line 3 and adds units to produce —% feet’ /s. Thus the second point was earned. In part (b) the

response does not include the derivative of %, so the first and second points were not earned. Because there is

no second derivative, the response is not eligible for the third point. In part (¢) the response earned the first point

with a correct separation of variables % dh = —% dt in line 1 on the left. The correct antiderivatives, 2V and
—%, are presented in line 3 on the left, and the response earned the second point. In lines 3 and 4 on the left, the

response includes a constant of integration and uses the initial condition #(0) = 5 by substituting 0 for ¢ and 5
for h. The response earned the third point. The response solves for /4 in terms of ¢ and earned the fourth point

2
with h = (—2LO +3 ) in the box in line 3 on the right.

Sample: 4C
Score: 3

The response earned 3 points: no points in part (a), 1 point in part (b), and 2 points in part (c). In part (a) the

a _ me@ in line 3 on
dt dt’

the left. The first point was not earned, and this error makes the response not eligible for the second point. In

part (b) the response defines r(¢) = an in line 1. The response earned the first point with #'(¢) = _L. lh_3 in

dt 10 2
line 2. The expression is identified as the second derivative of / with respect to #; however, 7'(¢) does not

response presents an incorrect expression for the derivative of V' with respect to ¢,
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Question 4 (continued)

include a factor of % Thus the second point was not earned, and the response is not eligible for the third point.

In part (c) the response earned the first point with a correct separation of variables % dh = —% dt in line 2 on

1
the left. The correct antiderivatives, 242 and —%t, are presented in line 3 on the left, and the response earned

the second point. In line 3 on the left, the response includes constants of integration. The response incorrectly
solves for 4 in terms of 7 in line 4 before using the initial condition #(0) = 5 in line 5. The resulting expression

h = ,/ —%t + C in line 4 on the left is incorrect. Thus the response is not eligible for the third and fourth points.
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Question 5

@ )=
(x —2x+k)
f(0)—%_6 = k2=% - k:%
1 1 4 B

®) x2_2x_g_(x—4)(x+2)_x—4+x+2
= l=A(x+2)+B(x—4)
1 1

= A—E,B_—6

| Ir 1
If(X)dx=J[ 6 __6 ]dx
0 o\x—4 x+2

R ST
—[6ln|x 4| 6ln|x+2|}

x=1

xX=

N T S N R ST § _ 1
—(6ln3 61n3) (6ln4 61n2)— 61n2

2

© | ———dx= J

0 x° —2x+1 (x—l) (x—l) (x—l)
lim J 1 dx + lim f dx
b1 Jo (x=1)° b1t )y (x 1)

x=b x=2

lim | ——1 + lim | ——2
b1\ X — 1l b1\ X —1lp
1im(—L—1) lirn( - )
b1 b-1 b—1" b-1

Because lim (—L) does not exist, the integral diverges.
b—>1" b-1
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5. Consider the family of functions f(x) = Z—I——k, where £ is a constant.
+

(2) Find the value of k, for k > 0, such that the slope of the line tangent to the graph of f at x = 0 equals 6.
2 -
Fo m (200 b)Y
FX) = - (F-2x4K) (2x-2)
D~ Sk

= —(x "-_ZK_H‘)’

) -z
filo) = - i1 =6
Lk*=2
!
k=7
(b) For k = —8, find the value of Ilf(x) dx. A g . _/
0 ——
] , [X - 9_’\ [X "'L) CX‘-")& "-2/3
f""‘ . AGIDHEx ) =1
4

LA=1 AtB=D©

L pfatl- o] w2 | =

0[] - 2022l )] - ¢ lo- 19 -[Eh2)
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2
(c) For k = 1, find the value of -[0 f(x) dx or show that it diverges.
2
x2-2x 41 (x-N*zb
x=)

0

R 2
Lim | —— gx ¢ bim [ L
R3I° j(K—I)zJ& Ral*R&-J)‘Jx

bm __1 R 2
- +fim L
R3™ x-il, Rt w=) /R

; S By bim (1 _ . 1.

© -] 400

(e inlege] heges)

L\
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5. Consider the family of functions f(x) = Z;Zxk' where k is a constant.
+

(2) Find the value of k, for k > 0, such that the slope of the line tangent to the graph of f at x = 0 equals 6.

£%) = (T 22K Y (o} -1(2a -2 )

(el #ie )t
Fly = - 2x #2
gy Flo=¢
' -200) 7

(b) For k = —8, find the valueofJ‘Olf(x) dx. K- X4 : )( -4 ‘_'i
! ! _ ! ! = ARt -
50 s Ay g = 2) 3D
| o (x4 204 BYx124-4p
- Lo
B éga%o‘x—.’. to WS Q)=
¥ ¢ S)o £+ (gi 'M‘—qg )
< [ -28:0 A-Z=0
é '{ﬂ lx~'f,L' x ) < 613 = | A= -~
. [ aleel)) B=-L . .
in | bl £ - &
4 OL“%-L’IE#—,{,\% x-4 vt
© 2 (dap goy)
T
S A
’._.éff{”i_/
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g_a;l
2
(c) For k = 1, find the value of | f(x) dx or show that it diverges. 2
i h A-ta b1 = (X=1)
2 .
z‘—
S Aacrr do
7 ,_,_L_l
So (x-1 dn Lk 0= xoy
y du_
Sq U‘L }lu ar
da= Awx
w L.
-t _ 4
T
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5-.5

1 .
5. Consider the family of functions f(x) = —m, where k is a constant.

(a) Find the value of k, for k > 0, such that the slope of the line tangent to the graph of f at x = 0 equals 6.

VAL (L}*_“_“);C\Z—*—é - %:%"%% or-qor k=G Z*k G
L & (,"—Zx‘*kl | l{>

1
(b) For k= —8, ﬁndthevalucofj f(x) dx.

‘ —— . & oy = 'I"Sl-l:qd"éj‘;‘}é“ i
J.> =S —%"* f i f o1 ESE
Sl s AvtlA+BxUE A*‘8 0 #0
2R-4R=]
- (Bl
- = -]
_& A t
1 T “'_’ ,_‘, ] 3
Z(in?"n\_’) 6(}“%—‘".‘2)
J(; h\ 9-3 - ié h\ %
L In b S /'i \\
RN
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5.5

2 . .
(c) For k = 1, find the value of Io f(x) dx or show that it diverges.

- N N -/
£2 ‘ d‘x"g&.—'&dv:"’i"}'r ’ } @

)(2‘2)!_"” -_X_l Io)
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Question 5
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.
Overview

1

> , where k is a constant.
x°=2x+k

This problem deals with a family of functions f(x) =

In part (a) students were asked to find the positive value of £ such that the slope of the line tangent to the graph of
f at x =0 equals 6. A response should demonstrate differentiation rules to find f'(x) and then identify f'(0) as

the slope of the line tangent to the graph of f* at x = 0, so the & can be found by solving f”(0) = 6.

1
In part (b) students were asked to evaluate Jo f(x) dx in the case where k& = —8. A response should demonstrate

4 x

1
1 __6
¥ —2x—-8 X-—

+ (o=

that, with £ = -8, f(x) can be expressed using partial fractions as f(x) = . Then

2

1
I . f(x) dx can be evaluated using antidifferentiation and the Fundamental Theorem of Calculus.
2
In part (c) students were asked to evaluate Io f(x) dx or show that it diverges, in the case where k£ = 1. A response
2
should note that x> — 2x +1 = (x— 1)2 , so the graph of f has a vertical asymptote at x =1 and Io f(x)dx isan

2 1 2
improper integral. Thus Io f(x) dx is the sum Io Sf(x)dx + L f(x) dx, providing each of the summands
converges. Expressing either summand as a one-sided limit of a proper integral, a response should demonstrate that

2
the summand diverges and conclude that Io f(x) dx diverges.

For part (a) see LO FUN-3.C/EK FUN-3.C.1, LO CHA-2.C/EK CHA-2.C.1. For part (b) see LO FUN-6.F.b/EK
FUN-6.F.1, LO FUN-6.C/EK FUN-6.C.2, LO FUN-6.B/EK FUN-6.B.3. For part (c) see LO LIM-6.A/EK LIM-
6.A.1, LO FUN-6.C/EK FUN-6.C.2, LO LIM-6.A/EK LIM-6.A.2. This problem incorporates the following
Mathematical Practices: Practice 1: Implementing Mathematical Processes, Practice 2: Connecting
Representations, and Practice 4: Communication and Notation.

Sample: 5A
Score: 9
The response earned 9 points: 3 points in part (a), 3 points in part (b), and 3 points in part (c). In part (a) the

-2
response earned the first point in line 2 with the term ( x? —2x+ k) in the presented derivative expression
-2
f'(x) = —(x2 - 2x+ k) (2x — 2). The second point was also earned in line 2 with this presented expression for

the derivative f'(x). The third point was earned in line 6 with the declaration that £ = L and the consistent

3
work leading to this value. In part (b) the response earned the first point in line 1 on the right with the equation
A + B _ 1
(x—4) (x+2) (x—4)(x+2)

and the declaration in line 4 on the right that 4 = % and B = —%. The
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Question 5 (continued)

response earned the second point in line 3 on the left with the antiderivatives %ln|x — 4] - %ln| x + 2|. The

response would have earned the third point in line 4 on the left with the expression %ln %3 - %ln _7

numerical simplification. The response simplifies the expression correctly, and the third point was earned with

and no

—éln 2. In part (c) the response earned the first point in line 2 with the expression

R 2
lim J I 5 dx + lim J ! 5 dx. The response earned the second point in line 3 with the
R->1" (x - 1) R—1" R (x - 1)

R
I in the expression lim — + lim - . The response earned the third point in
x—1 R—1T X~ lp Rt X TR

line 6 with the boxed conclusion “[t]he integral diverges” and with the correct work that includes both one-sided
limits evaluated in line 5 as ©© —1 -1+ o0,

2

antiderivative —

Sample: 5B
Score: 6

The response earned 6 points: 2 points in part (a), 3 points in part (b), and 1 point in part (¢). In part (a) the
2
response earned the first point in line 1 with the denominator (x2 - 2x+ k) in the presented derivative

(x* = 2x +k)(0) - 1(2x - 2)

expression f'(x) = . The second point was also earned in line 1 with this presented

(x2 —-2x+ k)2

expression for the derivative f'(x). The response did not earn the third point, as the value £ = i\/g in line 6

does not utilize the given information that & > 0. In part (b) the response earned the first point in line 1 on the

= 4)1(x 72) =7 1:1 7t . f 3 and the declaration in lines 7 and 8 on the right that

right with the equation

A= 1 and B = —%. The response earned the second point in line 3 on the left with the antiderivatives

6

%[ln|x - 4”; —In|x + 2” :)] The response would have earned the third point in line 4 on the left with the
expression %[ln 3—-1In4 - 1n3 + In 2] and no numerical simplification. The response simplifies this expression

correctly to the boxed %ln% in line 6 on the left, and the third point was earned with this final expression. In part

2
dx is

(¢) the response did not earn the first point because there is no indication that the integral J ( )2
0o (X — 1

improper. The response earned the second point by letting # = x —1 in line 2 and with antiderivative 1L in line
u

4. The response did not earn the third point because there is no conclusion of divergence.
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Question 5 (continued)

Sample: 5C
Score: 3

The response earned 3 points: 1 point in part (a), 1 point in part (b), and 1 point in part (c). In part (a) the response

earned the first point in line 1 with the correct denominator (x2 - 2x+ k) in the presented derivative expression

(x2—2x+k)—(2x—2) . ) o
. The response did not earn the second point because the presented derivative

£1(x) = .
) (x2—2x+k)

for f'(x) inline 1 is incorrect. The response did not earn the third point because the circled answer k& = 4 on the
right is incorrect. In part (b) the response earned the first point in line 1 with the equation

dx and with the declaration in the last line on the right that B = i

! 1
1 (' 4 B
L(x—4)(x+2)dx_ 0x—4+x+2 6

and 4 = % The missing parentheses in the integrand on the right side of the equation do not impact earning the

point. The response did not earn the second point because there is no antiderivative presented. The response did

not earn the third point due to the undefined expression %(ln _?1 —In _Tl) - %(ln% —In %) in line 3 on the left.

Note that even if the circled answer % had been correct, this response would not have been eligible for the

third point because of the undefined, incorrect expression. In part (c) the response did not earn the first point
2

because there is no indication that the integral J ﬁ dx is improper. The response earned the second point
0o \X— 1

with the antiderivative I
X —

. The response did not earn the third point because there is no conclusion of

divergence.
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Question 6

(@ £(0)=3and £(0) = -2

The third-degree Taylor polynomial for f about x = 0 is

23
3 32 2 3 _ 4 32 233
3 2x+2!x + 3 x> =3 2x+2x 12x.

(b) The first three nonzero terms of the Maclaurin series for e* are

1+x+ix2.

21

The second-degree Taylor polynomial for e* f(x) about x = 0 is

1 2 3 2
3(1+x+5x )—2x(1+x)+§x (1)
=3+(3—2)x+(%—2+%)x2
=3+ x+x

© ()= £(1) ds

1
< 932 233
~jo(3 21+ 5 12t)dt
a2 13 23477
—[3t £+ 5t 48tLo
a1 _23_97
=3 TR

(d) The alternating series error bound is the absolute value of the first
omitted term of the series for A(1).

1 t=1
Jolet) =257, =
0 : t=0

Error < 0.45

i‘_
20|~
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of series for (1)

. error bound
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6. A function f has derivatives of all ordets for all real numbers x. A portion of the graph of f is shown above,
along with the line tangent to the graph of f at x = 0. Selected derivatives of f at x = 0 are given in the table
above.

(a) Write the third-degree Taylor polynomial for f about x = 0.

2 .
R AP
- P
wee .
A s B
% = Q% T BA L 22AC
o\ -

(b) Write the first three nonzero terms of the Maclaurin series for e*. Write the second-degree Taylor
polynomial for e’f(x) about x = 0.

L oRE
V4 XY o

1‘@ g
.,
L% * ? 2%
15 g . N o
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T2
(¢) Let k be the function defined by h(x) = J-: f{(¢) dt. Use the Taylor polynomial found in part (a) to find an
approximation for %(1). 2 Y
| - M 22%
A= X T T T2 g @
- - A 2
= ey X L 2R
& = "2! %
Qlo > @W" 8%
b
Qi
= %

(d) Itis known that the Maclaurin series for % converges to h(x) for all real numbers x. It is also known that
the individual terms of the series for A(1) alternate in sign and decrease in absolute value to 0. Use the
alternating series error bound to show that the approximation found in part (c) differs from h(1) by at

most 0.45.

- %
AN e x 6,\.:\:Lf = 5\_\ x‘
T\«x(\"‘ b g\ e, at %\."
T . ('\\) > %-—Eé 4 .,:é}:i:«- ""‘ er?;a::’b“‘“"'“"' - ﬁ.‘ﬁ = ’2::{ = .;9‘...,,
' - % M%) D0 L0 o 20
eevUS DOV Nz Couern Yo © c;j:%} = 0.u%
Q '
e &, \
5o - WA =)
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6. A function f has derivatives of all orders for all real numbers x. A portion of the graph of f is shown above,
along with the line tangent to the graph of f at x = 0. Selected derivatives of f at x = 0 are given in the table
above. ‘

(a) Write the third-degree Taylor polynomial for f about x =‘?0.
oz 0 a0 2 % s

T T T

! 4 ' :
o L 4

= B -7 ~1”£;><,

(b) Write the first three nonzero terms of the Maclaurin series for e*. Write the second-degree Taylor
polynomial for &”f(x) about x = 0. 2~ 2+ 2
; - %
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(c) Let h be the function defined by h(x) = j; f(t) dt. Use the Taylor polynomial found in part (2) to find an

approximation for A(1). q (3
o 1 2 !
Loy= S » LA -ZAPAU < g
O o W
Ve ~ xl Ly 522 1 Q;‘:”S
= o T, ¥ ;ﬁ * —
Yo 2 -1 -5 _
Wy = 3 + X % L7
- %3
= 7 —
7 36

(d) Itis known that the Maclaurin series for & converges to h(x) for all real numbers x. It is also known that
crease in absolute value to.0. Use the

the individual terms of the series for h(1) alternate in sign and de
alternating series error bound to show that the approximation found in part (c) differs from A(1) by at

most 0.45.
gg! = 724
{ 4 : '

£ q‘)(a‘§ X _ 54 ;ﬁ4 . 27 ’:Y = ‘; ' 3 2
! 4 2
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6. A function f has derivatives of all orders for all real numbers x. A portion of the graph of f is shown above,

along with the line tangent to the graph of f at x = 0. Selected derivatives of f at x = 0 are given in the table
above.

(a) Write the third-degree Taylor polynomial for f about x = 0.
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(b) Write the first three nonzero terms of the Maclaurin series for *. Write the second-degree Taylor
polynomial for e*f(x) about x = 0.
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(c) Let h be the function defined by A(x) = J.: f(t) dt. Use the Taylor polynomial found in part (a) to find an

approximation for h(1).

hy= Q) Cwy e

A s B AT N A D
‘/\U S S L) - El L

3

%
i
!.\«\i‘

™~
ol
La

‘l :1*\‘_,‘
3—;\-‘?{; '.y Ao \+

W * 3¢ . 22

(d) It is known that the Maclaurin series for # converges to A(x) for all real numbers x. It is also known that
the individual terms of the series for #(1) alternate in sign and decrease in absolute value to 0. Use the
alternating series error bound to show that the approximation found in part (c) differs from #(1) by at
most 0.45.
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AP® CALCULUS BC
2019 SCORING COMMENTARY

Question 6
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.
Overview

In this problem a function f is presented that has derivatives of all orders for all real numbers x. A figure showing
a portion of the graph of f* and a line tangent to the graph of f* at x = 0 is given, as is a table showing values for

£, r&0), and @ (0).
In part (a) students were asked to write the third-degree Taylor polynomial for f about x = 0. A response should

(n)
demonstrate that terms of the Taylor polynomial have the form fn—'(o)x” , determine f(0) and f'(0) from the

given graph, and find values for /"(0) = f (2) (0) and f S )(O) in the table to construct the requested Taylor
polynomial.

In part (b) students were asked to write the first three nonzero terms of the Maclaurin series for ¢* and to provide

the second-degree Taylor polynomial for e” f(x) about x = 0. A response should state that the Maclaurin series for

e”* starts with the terms 1 + x + %xz + -+- and then form the second-degree Taylor polynomial for ¢ f'(x) about

x = 0 using the terms of degree at most 2 in the product (1 +x+ %xz) - T3(x), where T3(x) is the Taylor

polynomial found in part (a).

In part (c) students were asked to use the Taylor polynomial found in part (a) to approximate 4(1), where
X 1 1
h(x) = J.o f(¢) dt. A response should demonstrate that 4(1) = Io f(t)dt = J‘OT3(t) dt where Ty(x) is the Taylor

1
polynomial found in part (a). Io T;(t) dt should be evaluated using antidifferentiation and the Fundamental

Theorem of Calculus.

In part (d) it is given that the Maclaurin series for 4 converges to /(x) everywhere and that the individual terms of
the series for /(1) alternate in sign and decrease in absolute value to 0. Students were asked to use the alternating
series error bound to show that the approximation found in part (c) differs from %(1) by at most 0.45. A response

should demonstrate that the error in the approximation is bounded by the magnitude of the first omitted term of the
series for /(1). This term is found by integrating the fourth-degree term of the Taylor series for f* about x = 0

across the interval [0, 1]. Computing this term demonstrates the desired error bound.

For part (a) see LO LIM-8.A/EK LIM-8.A.1. For part (b) see LO LIM-8.F/EK LIM-8.F.2, LO LIM-8.G/EK
LIM.8.G.1. For part (c) see LO LIM-8.G/EK LIM-8.G.1. For part (d) see LO LIM-8.C/EK LIM-8.C.2. This
problem incorporates the following Mathematical Practices: Practice 1: Implementing Mathematical Processes,
Practice 2: Connecting Representations, and Practice 4: Communication and Notation.
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Question 6 (continued)

Sample: 6A
Score: 9

The response earned 9 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and 3 points in part (d).
In part (a) the response earned the first point in line 2 for the first two terms, 3 — 2x, of the third-degree Taylor
a3
20 2-30
third-degree Taylor polynomial for f. In part (b) the response earned the first point in line 1 for the first three

2
nonzero terms of the Maclaurin series for e*, 1+ x + % The response earned the second point in line 5 with the

polynomial for f. The response earned the second point in line 2 for the remaining terms, + f the

second-degree Taylor polynomial for e* f(x) about x =0, 3+ x + x%, with supporting work. In part (c) the

3 4
response earned the first point in line 1 with the correct antiderivative 3x — x* + % - ?};' .

simplification is not required. The response would have earned the second point in line 2 with the evaluation
1 23

h(l)=3-1+ 27530 and no numerical simplification. The response simplifies to Z—; in line 5 and earned the

Numerical

X g4
second point. In part (d) the response earned the first point in line 1 with j Bkl dt. The response would have

., 4l
54

5 without simplification. The second point was earned with a correct

simplification of % at the end of line 2. The response earned the third point in lines 3 and 5 with “% =045

earned the second point in line 2 with

and “error < 0.45.”

Sample: 6B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), no points in part (c), and 2 points in part (d).
In part (a) the response earned the first point in line 2 for the first two terms, 3 — 2x, of the third-degree Taylor

polynomial for f. The response earned the second point in line 2 for the remaining terms, +%x2 - %f , of the
third-degree Taylor polynomial for f. In part (b) the response earned the first point in line 1 on the left for the

first three nonzero terms of the Maclaurin series for e*, 1+ x + % The response earned the second point in the
2, with

supporting work. In part (c) the response did not earn the first point because the response has a copy error in the

last line with the boxed second-degree Taylor polynomial for e* f(x) about x =0, P, =3+ x +x

expression for f(x) in the fourth term of the integrand, —%ﬁ, in line 1. The missing parentheses in the

integrand do not impact earning the point. The response also has an antidifferentiation error in line 2 in the fourth-

degree term (a missing factor of 4 in the denominator). Because the response has two errors, the response is not
27 s

eligible for the second point. In part (d) the response would have earned the first point in line 2 with 51 5 The
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Question 6 (continued)

27x°
60

first point was earned with the correct simplification, . The response earned the second point in line 3 with

é—g. The response did not earn the third point because there is no reference to the error being bounded.

Sample: 6C
Score: 3

The response earned 3 points: 2 points in part (a), 1 point in part (b), no points in part (c), and no points in part
(d). In part (a) the response earned the first point in line 3 for the first two terms, 3 — 2x, of the third-degree

Taylor polynomial for f. The response earned the second point in line 3 for the remaining terms, +%x2 - %)ﬁ ,

of the third-degree Taylor polynomial for f. In part (b) the response earned the first point in line 1 for the first

2
three nonzero terms of the Maclaurin series for e*, M(x) =1+ x + % The response did not earn the second

2

point because the Taylor polynomial for e* f(x), 3(1 + X+ x?j, in line 2 is incorrect. In part (c) the response

did not earn the first point because the third-degree Taylor polynomial found in part (a) is not antidifferentiated.
Because the response does not antidifferentiate the third-degree Taylor polynomial from part (a), the response is
not eligible for the second point. In part (d) the response did not earn the first point because there is no attempt to
antidifferentiate the fourth-degree term of /. Without an attempt to antidifferentiate the fourth-degree term of f,

the response is not eligible to earn either the second or the third point.
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